Abstract. Primordial black holes and secondary gravitational waves can be used to probe the small scale physics at very early time. For secondary gravitational waves produced after the horizon reentry, we derive an analytical formula for the time integral of the source and analytical behavior of the time dependence of the energy density of induced gravitational waves is obtained. By proposing a piecewise power law parametrization for the power spectrum of primordial curvature perturbations, we use the observational constraints on primordial black hole dark matter to obtain an upper bound on the power spectrum, and discuss the test of the model with future space based gravitational wave antenna.
Introduction
As a result of gravitational collapse, primordial black holes (PBHs) [1] [2] [3] form in a region with its density contrast at horizon reentry during radiation domination exceeding the threshold value. Since the temperature and polarization measurements on cosmic microwave background anisotropy only constrain the primordial perturbations to be very small at large scales, the large perturbations at small scales that cause the formation of PBHs are not constrained and they may produce observable secondary gravitational waves (GWs) . Therefore, both PBHs and secondary GWs can be used to probe the small scale physics at very early time.
PBHs are also dark matter candidate. Observations from extragalactic gamma ray background (EGγ) [32] , femtolensing of gamma-ray bursts [33, 34] , millilensing of compact radio sources [35] , microlensing of quasars [36] , the Milky way and Magellanic Cloud stars [37] [38] [39] constrained the abundance of PBH dark matter [40, 41] . For a recent summary of the constraints, please see Ref. [41] . These constraints can be used to probe the primordial curvature perturbations at small scales. In this paper, we propose a piecewise power law parametrization for the power spectrum of primordial curvature perturbations, and use the constraints on the abundance of PBH dark matter to obtain an upper limit on the power spectrum at small scales. With the derived power spectrum, we calculate the secondary GWs induced by the large density perturbations at small scales. The induced GWs can be tested by space based GW observatory like Laser Interferometer Space Antenna (LISA) [42, 43] , TianQin [44] and TaiJi [45] , and the Pulsar Timing Array (PTA) [46] [47] [48] [49] including the Square Kilometer Array (SKA) [50] in the future. For simple test, we compare the strength of induced GWs with the sensitivity curves of those detectors [51] [52] [53] . On the other hand, the observations of induced GWs can also be used to constrain the power spectrum. This paper is organized as follows. In section 2, we review the computation of the energy density of induced GWs and derive the formula for the induced GWs produced after the horizon reentry. We propose a piecewise power law parametrization for the power spectrum of primordial curvature perturbation in section 3, and we use the current observations on PBH dark matter to obtain an upper bound on the power spectrum. Then we use the formula derived in section 2 and the upper bound to calculate the induced GWs and discuss the possible detection of the induced GWs by future GW observations. The conclusions are drawn in section 4.
The induced GWs
Working in the Newtonian gauge, we write the perturbed metric as
where the scalar perturbation Φ is the Bardeen potential. The Fourier component of the tensor perturbation h ij is
where the plus and cross polarization tensors e ij (k) andẽ ij (k) are
3) the orthonormal basis vectors e andẽ are orthogonal to k, e ·ẽ = e · k =ẽ · k = 0. The Fourier component of the Bardeen potential Φ k is related with the primordial value φ k by the transfer function Φ(kη)
The primordial value φ k is determined by the primordial curvature perturbation P ζ (k) as
where w is determined by the time when the perturbations reenter the horizon. In this paper, we are interested in those scales that reenter the horizon during radiation domination, so we take w = 1/3. During radiation domination, the transfer function is
To the first order, the scalar perturbation decouples from tensor perturbations h ij , and the cosmological equation for h ij is homogeneous. But to the second order, they are coupled. The equation for induced GWs with either polarization in Fourier space with Φ k being the source is given by
where H = a /a is the conformal Hubble parameter and the prime denotes the derivative with respect to conformal time. The source S k is given by
The power spectrum of the induced GWs is defined as 9) and the fractional energy density is 10) where the Hubble parameter H = H/a. Before presenting the detailed derivation of the induced GWs, we discuss its qualitative behavior first. Following [7] , we assume that the induced GWs are produced instantaneously when the relevant scales reenter the horizon. At the horizon reentry, h k ∼ S k /k 2 and it gets contributions from all scalar modes Φ k . However, combining Eqs. (2.8) and (2.9), it is easy to see that k 3k3 /|k −k| 3 appears in the integrand in P h , so the main contributions to P h are fromk that are close to k. Since the source S k decays as a −γ with 3 ≤ γ ≤ 4 [7] , soon after the horizon reentry GWs propagate freely and
is a constant well inside the horizon.
In terms of Green's function G k (η,η) satisfying the equation
(2.12)
Because the induced GWs are produced after the horizon reentry, so we take kη k = 1. During radiation domination, the Green's function is
Combining Eqs. (2.4), (2.6), (2.8), (2.9) and (2.12), after some lengthy calculations, we obtain the power spectrum of the induced GWs [6, 7, 17, 24 ]
where u = |k−k|/k, v =k/k, x = kη, the power spectrum P ζ (k) for the primordial curvature perturbation is evaluated at horizon exit during inflation. For the convenience of taking the time average, we split the source term I RD in the radiation era into the combinations of two oscillations [26] , 15) where I c and I s are given by 19) and
Note that induced GWs are produced after the relevant modes reenter the horizon, the lower limit of the integrals (2.16) and (2.17) should be 1, so we need to subtract the terms T c (u, v, 1) and T s (u, v, 1) in Eqs. (2.16) and (2.17). In [17, 24] , the lower limit of the integrals (2.16) and (2.17) was chosen to be zero, i.e., it was assumed that the production of induced GWs begins long before the horizon reentry. If we take
, then we recover the result for I RD (u, v, x) in [24] . Substituting the transfer function (2.6) into Eqs. (2.18) and (2.19), we get
and
The sine-integral function Si(x) and cosine-integral function Ci(x) are defined as
At late times, η η k and x → ∞,
So the time average is
Substituting (2.26) into (2.14), we find that P h (k, η) ∼ 1/η 2 for the modes well inside the horizon in the radiation dominated era. During radiation domination, H = aH ∼ 1/η, so Ω GW is time independent late in the radiation dominated era as discussed above. Since GWs behave like radiation, the current energy densities of GWs are related to their values well after the horizon reentry in the radiation dominated era 27) where Ω r is the fractional energy density of radiation, η η k is chosen to be earlier than the matter radiation equality and late enough so that Ω GW (k, η) is a constant, and the subscript 0 denotes for quantities evaluated at today.
Once we are given the power spectrum P ζ (k) for the primordial curvature perturbation, we combine Eqs. (2.10), (2.14) and (2.26) to calculate induced GWs in radiation dominated era, and obtain Ω GW (k, η 0 ) from Eq. (2.27). In the following, we use several examples to calculate Ω GW .
The scale invariant power spectrum
For the scale invariant power spectrum, P ζ (k) = A ζ , the numerical integration gives
Comparing with the result Ω(k, η) ≈ 0.8222A 2 ζ obtained in [24] by assuming that the production of induced GWs starts long before the horizon reentry, this value is about 4.6% smaller, so the contribution by the induced GWs produced before the horizon reentry is small.
The power law power spectrum
For a power law power spectrum,
we get
where the factor Q(n s ) needs to be calculated numerically. We show the numerical results for Q(n s ) in Fig. 1 . Again, the results are about 5% smaller than those in [24] . In [7] , it was estimated that Q(n s ) ≈ 10, so that estimate is an order of magnitude larger than the more accurate result Q(n s ) ≈ 0.8.
The monochromatic power spectrum
For the monochromatic power spectrum
we get 
The coefficient Q(ns) Figure 1 . The value of Q(n s ) as a function of n s .
PBH and the constraints
PBHs form in the region with its density contrast at horizon reentry exceeding the threshold δ c . Suppose the density perturbations are Gaussian, the probability distribution of the smoothed density contrast δ(R) over a sphere with comoving radius R is [54] P (δ(R)) = 1
where the smoothing scale R is the horizon size, R = H −1 and the mass variance σ(R) associated with the PBH mass M PBH is
2) P δ is the power spectrum of the matter perturbation and the window function is W (kR) = exp −k 2 R 2 /2 . During radiation domination, the matter perturbation relates to the primordial curvature perturbation as
Using Press-Schechter theory [55] , we get the fraction of the energy density in the Universe going to PBHs 1
where δ c = 0.42 [56] . Combining Eqs. (3.2) and (3.3), we see that the dominant contribution to the mass variance σ 2 (R) comes from the scale k = 1/R, so σ 2 (R) ∝ P ζ (1/R). Following
Ref. [41] , at each k, we calculate σ 2 (R) with scale invariant P ζ , so we have
Since PBH forms in the radiation dominated era, the mass of PBH is of the order of the horizon mass M H = 4πρ/(3H 3 ) = (2GH) −1 [16] 6) where the order one ratio γ is chosen as γ = 3 −3/2 ≈ 0.2 [3] , Ω r0 = 9.17 × 10 −5 , M 0 = (2GH 0 ) −1 ≈ 4.63×10 22 M , H 0 = 67.27 km/s/Mpc [57] , g 0 * ≈ 3.36 and g i * denote the effective degrees of freedom for energy density at present and at the formation of PBH respectively. In this paper, we don't distinguish the difference between the effective degrees of freedom for the entropy and energy density. For the mass scale of PBHs we are interested in, we take g i * ≈ 10.75. After their formation, PBHs behave like matter, so the energy fraction of PBHs increases until the matter radiation equality. Ignoring the mass accretion and evaporation, the energy fraction of PBHs at their formation is
where f PBH = Ω PBH /Ω DM is the current energy fraction of PBHs Ω PBH to dark matter Ω DM . Combining Eqs. (3.5) and (3.7), we can obtain P ζ for a given f PBH and vice versa. This allows us to use the observational constraints on PBH abundance, namely f PBH , to constrain the power spectrum for primordial curvature perturbations at small scales. Alternatively, it allows us to use f PBH to constrain some inflationary models. The current observational constraints on f PBH and P ζ at small scales were summarized in Ref. [41] and we show them in Fig. 2 .
On observable scales 10 −4 Mpc −1 k 10 −1 Mpc −1 , the temperature and polarization measurements on the cosmic microwave background anisotropy constrain the nearly scale invariant power spectrum for the primordial curvature perturbation as [58] 
where k * = 0.05 Mpc −1 , A s = 2.1 × 10 −9 and n s = 0.9649 ± 0.0044. At small scales, we use the results in Fig. 2 by assuming a power law power spectrum to obtain the upper limit. Choosing k 1 * = 10 4 Mpc −1 , for k > k 1 * we get
-8 -Finally, we use a power law power spectrum to join the power spectra (3.8) and (3.9) and we get We show this piecewise power law parametrization of the power spectrum in Fig. 2 by the solid black line. Due to the uncertainties in the value of δ c and the effect of non spherical collapse, the upper limit on the power spectrum by the non detection of PBH dark matter can be much different [41, 59] . However, the method discussed here can be easily applied to those cases. Using the power spectrum (3.10) and the method of calculating induced GWs presented in the previous section, we obtain the energy density of secondary GWs and the result is shown in Fig. 3 . In Fig. 3 , we also plot the sensitivity curves for the ground based detector advanced Laser Interferometer Gravitational-Wave Observatory (aLIGO) [60, 61] , future space based GW detectors LISA [42, 43] and TianQin [44] , and PTA [46] [47] [48] [49] including the European PTA (EPTA) and SKA [50] . It is obvious that the secondary GWs can be detected by EPTA, SKA, LISA and TianQin although there is no detection of PBH dark matter. In other words, the observation of induced GWs puts stronger constraint on the primordial curvature perturbation at small scales. Since the current PTA observations don't find stochastic GWs yet, so the upper limit (3.9) is overestimated. Using the power law power spectrum (3.10), we calculate the µ distortion [62, 63] 
where
, and we get µ ac = 0.03. Again this result shows that the upper limit (3.9) is too large.
For the power law power spectrum, if there is no detection of induced GWs by LISA, then the constraint is
If we choose δ c = 0.42, plugging the constraint (3.13) into Eqs. (3.5) and (3.7), we get f PBH < 10 −400 . This means if LISA does not observe induced GWs, then the contribution from PBHs with the mass around 10 −14 M to dark matter is negligible. In Fig. 3 , we also show the secondary GWs produced by the monochromatic power spectrum (2.32) with A ζ = 0.01, k p = 1.93 × 10 12 Mpc −1 and the inflationary model with the polynomial potential [20] . For convenience, we call the model as D-G model. From Fig. 3 , we find that the D-G model can be tested by SKA, LISA and TianQin in the future. Figure 3 . The secondary GW signal generated by density perturbations that produce PBH dark matter. The solid black line shows induced GWs from the piecewise parametrization constrained by PBH dark matter. The solid gray line shows the induced GWs from the monochromatic power spectrum. We also show induced GWs from a inflationary model [20] by the solid blue line. The sensitivity curves from different observations are also shown [50, 64, 65] . The pink dashed curve denotes the EPTA limit, the blue dotted curve denotes the SKA limit, the red dot-dashed curve in the middle denotes the TianQin limit, the brown dashed curve shows the LISA limit, and the gray dashed curve denotes the aLIGO limit.
Conclusion
In the case that the production of secondary GWs starts long before the horizon reentry, there was an analytical formula for the time integral of the source I RD (u, v, η). For secondary GWs produced after the horizon reentry, we derive similar analytical formula for I RD (u, v, η) by splitting I RD (u, v, η) into the combinations of two oscillations sin(kη) and cos(kη). With this analytical formula, it is easy to obtain the 1/η 2 behavior of the power spectrum of induced GWs and hence it helps to understand why induced GWs evolve as radiation at late time. For nearly scale invariant primordial curvature perturbations, we find that the GWs produced before the horizon reentry contribute about 5% to the total energy density of induced GWs.
Using the piecewise power law parametrization for the power spectrum of primordial curvature perturbations and the observational constraints on PBH dark matter, we find that at small scales k 10 4 Mpc −1 , the upper limit on the power spectrum is P ζ 0.05. However, this upper limit gives large stochastic GW background which is inconsistent with the observations of EPTA and the µ distortion caused by this upper limit is also too large. The inconsistency is caused by the oversimplification of the piecewise power law parametrization. For example, if the power spectrum peaks at some particular small scales, then it can evade the constraint by EPTA. On the other hand, the detection of induced GWs in the future puts more stringent constraint on the power spectrum. The non-detection of induced GWs by LISA constrains the power spectrum in the LISA band to be P ζ 4×10 −4 , so the contribution from PBHs with the mass around 10 −14 M to dark matter is negligible if induced GWs are not observed by LISA in the future.
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